
Unc
or

re
cte

d 
Pro

of

20
08

-0
3-

26

��

Kao: Encyclopedia of Algorithms — Entry  — // — : — page  — LE-TEX
��

�� ��

Exact Algorithms for Dominating Set 1

Exact Algorithms for Dominating Set

2005; Fomin, Grandoni, Kratsch1

Dieter Kratsch2

UFR MIM – D’informatique, Université de Metz,3

Metz, France4

Synonyms5

Connected dominating set6

ProblemDefinition7

The dominating set problem is a classical NP-hard opti-8

mization problem which fits into the broader class of cov-9

ering problems. Hundreds of papers have been written on10

this problem that has a natural motivation in facility loca-11

tion.12

Definition  For a given undirected, simple graph13

G = (V , E) a subset of vertices D � V is called a dominat-14

ing set if every vertex u � V − D has a neighbor in D. The15

minimumdominating set (MDS) problem is to find amini-16

mumdominating set ofG, i. e. a dominating set ofG ofmin-17

imum cardinality.18

Problem  (MDS)19

Input: Undirected simple graph G = (V , E).20

Output: A minimum dominating set D of G.21

Various modifications of the dominating set problem are22

of interest, some of them obtained by putting additional23

constraints on the dominating set such as, for example, re-24

questing it to be an independent set or to be connected.25

In graph theory there is a huge literature on domination26

dealing with the problem and its many modifications (see27

e. g.[]). In graph algorithms the MDS problem and some28

of its modifications like Independent Dominating Set and29

Connected Dominating Set have been studied as bench-30

mark problems for attacking NP-hard problems under var-31

ious algorithmic approaches.32

Known Results33

The algorithmic complexity of MDS and its modifications34

when restricted to inputs from a particular graph class has35

been studied extensively (see e. g. []). Among others, it36

is known that MDS remains NP-hard on bipartite graphs,37

split graphs, planar graphs and graphs of maximumdegree38

three. Polynomial time algorithms to compute a minimum39

dominating set are known, for example, for permutation,40

interval and k-polygon graphs. There is also a O(k nO())41

time algorithm to solve MDS on graphs of treewidth at 42

most k. 43

The dominating set problem is one of the basic 44

problems in parameterized complexity []; it is W[]- 45

complete and thus it is unlikely that the problem is fixed 46

parameter tractable. On the other hand, the problem is 47

fixed parameter tractable on planar graphs. Concerning ap- 48

proximation, MDS is equivalent to Minimum Set Cover 49

under L-reductions. There is an approximation algorithm 50

solving MDS within a factor of  + log �V � and it cannot be 51

approximated within a factor of ( − є) ln �V � for any є > , 52

unless NP ⊂ DTIME(nlog log n) []. 53

Moderately Exponential Time Algorithms 54

If P � NP then no polynomial time algorithm can solve 55

MDS. Even worse, it has been observed in [] that unless 56

SNP� SUBEXP (which is considered to be highly unlikely), 57

there is not even a subexponential time algorithm solving 58

the dominating set problem. 59

The trivial O(n (n+m)) algorithm, which simply 60

checks all the n vertex subsets as to whether they are 61

dominating, clearly solves MDS. Three faster algorithms 62

were established in . The algorithm of Fomin et al. [] 63

uses a deep graph-theoretic result due to B. Reed, stat- 64

ing that every graph on n vertices with minimum degree 65

at least three has a dominating set of size at most n/, 66

to establish an O(.n) time algorithm solving MDS. 67

The O(.n) time algorithm of Randerath and Schier- 68

meyer [] uses very nice ideas including matching tech- 69

niques to restrict the search space. Finally, Grandoni [] 70

established an O(.n) time algorithm to solve MDS. 71

Thework of Fomin, Grandoni, andKratsch [] presents 72

a simple and easy to implement recursive branch & reduce 73

algorithm to solveMDS.The running time of the algorithm 74

is significantly faster than the ones stated for previous algo- 75

rithms. This is heavily based on the analysis of the running 76

time by measure & conquer, which is a method to analyze 77

the worst case running time of (simple) branch & reduce 78

algorithms based on a sophisticated choice of the measure 79

of a problem instance. 80

Key Results 81

Theorem  There is a branch & reduce algorithm solving 82

MDS in time O(.n) using polynomial space. 83

Theorem  There is an algorithm solving MDS in time 84

O(.n using exponential space. 85

Thealgorithms ofTheorem  and  are simple consequences 86

of a transformation from MDS to Minimum Set Cover 87
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(MSC) combined with new moderately exponential time88

algorithms for MSC.89

Problem  (MSC)90

Input: Finite set U and a collection S of subsets S,S,. . . St91

of U .92

Output: Aminimum set coverS ′, whereS ′ � S is a set cover93

of (U ,S) if�Si�S′ Si = U .94

Theorem  There is a branch & reduce algorithm solving95

MSC in time O(.(�U�+�S�)) using polynomial space.96

Applying memorization to the polynomial space algorithm97

ofTheorem  the running time can be improved as follows.98

Theorem  There is an algorithm solving MSC in time99

O(.(�S�+�U�)) using exponential space.100

The analysis of the worst case running time of the simple101

branch & reduce algorithm solving MSC (of Theorem ) is102

done by a careful choice of the measure of a problem in-103

stance which allows one to obtain an upper bound that is104

significantly smaller than the one that could be obtained105

using the standard measure. The refined analysis leads to106

a collection of recurrences. Then random local search is107

used to compute the weights, used in the definition of the108

measure, aiming at the best achievable upper bound of the109

worst-case running time.110

Since current tools to analyze the worst-case running111

time of branch& reduce algorithmsdonot seem toproduce112

tight upper bounds, exponential lower bounds of theworst-113

case running time of the algorithm are of interest.114

Theorem  The worst-case running time of the branch &115

reduce algorithm solving MDS (seeTheorem ) is Ω(n/).116

Applications117

There are various other NP-hard domination-type prob-118

lems that can be solved by a moderately exponential time119

algorithm based on an algorithm solving Minimum Set120

Cover: any instance of the initial problem is transformed121

to an instance of MSC (preferably with �U � = �S�), and then122

the algorithm of Theorem  or  is used to solve MSC and123

thus the initial problem. Examples of suchproblems are To-124

tal Dominating Set, k-Dominating Set, k-Center and125

MDS on split graphs.126

Measure & Conquer and the strongly related quasi-127

convex analysis of Eppstein [] have been used to design128

and analyze a variety of moderately exponential time algo-129

rithms for NP-hard problems: optimization, counting and130

enumeration problems. See for example [,].131

Open Problems 132

A number of problems related to the work of Fomin, 133

Grandoni, and Kratsch remain open. Although for various 134

graph classes there are algorithms to solve MDS which are 135

faster than the one for general graphs (ofTheorem  and ), 136

no such algorithm is known for solving MDS on bipartite 137

graphs. 138

The worst-case running times of simple branch & re- 139

duce algorithms like those solving MDS and MSC remain 140

unknown. In the case of the polynomial space algorithm 141

solving MDS there is a large gap between the O(.n) 142

upper bound and the Ω(n/) lower bound. The situation 143

is similar for other branch & reduce algorithms. Conse- 144

quently, there is a strong need for new and better tools to 145

analyze the worst-case running time of branch& reduce al- 146

gorithms. 147
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