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Abstract

Many polynomial-time solvable combinatorial optimizatiproblems become NP-hard if an
additional complicating constraint is added to restrie #et of feasible solutions. In this
paper, we consider two such problems, namely maximum-weigtiching and maximum-
weight matroid intersection with one additional budgetstosint. We present the first poly-
nomial-time approximation schemes for these problems.

Similarly to other approaches for related problems, oues@s compute two solutions to
the Lagrangian relaxation of the problem and patch themtb@geHowever, due to the richer
combinatorial structure of the problems considered héamdard patching techniques do not
apply. To circumvent this problem, we crucially exploit tdjacency relations on the solution
polytope and, somewhat surprisingly, the solution to arcolaibinatorial puzzle.
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1 Introduction

Many combinatorial optimization problems can be formulads follows. We are given a (finite)
set.# of feasible solutions and a weight functian: .# — Q that assigns a weight(S) to every
feasible solutiorB € .#. An optimization problenfil asks for the computation of a feasible solution
S' € .# of maximum weight oy, i.e.,

opt; := maximizew(S) subjecttoSe .Z. ()

In this paper, we are interested in solving such optimimafiooblems if the set of feasible
solutions is further constrained by a singledget constraintMore precisely, we are additionally
given a non-negative cost function.# — Q™ that specifies a costS) for every feasible solution
Se . and a non-negative budgBte Q*. The budgeted optimization problem of the above
probleml1 can then be formulated as follows:

opt = maximizew(S) subjecttoSec .#, c(S) <B. ()

Even if the original optimization problei is polynomial-time solvable, adding a budget con-
straint typically renders the budgeted optimization pealbllT NP-hard. Problems that fall into
this class are, for example, the constrained shortest pathigm [2], the constrained minimum
spanning tree problem [1], and the constrained minimumrada@nce problem [6].

In this paper, we study the budgeted version of two fundaate@npitimization problems, namely
maximum-weight matching and maximum-weight matroid is¢etion.

In the budgeted matching problemve are given an undirected gragh= (V,E) with edge
weightsw : E — Q and edge costs: E — Q*, and a budgeB € Q. The set# of feasible
solutions corresponds to the set of all matching&inThe weight (cost) of a matching € .% is
simply given by the total weight (cost) of all edgesvh

In the budgeted matroid intersection problemve are given two matroids#; = (E,.%1) and
Mo = (E,#2) on a common ground set of elemeis (Formal definitions will be given in Sec-
tion 2.) Moreover, we are given element weights E — Q, element costs : E — QT, and a
budgetB € Q. The set of all feasible solution% is defined by the intersection of/; and.#5.

I then corresponds to the computation of a common indepersg¢itc %, N % of maximum
weightw(X) 1= Y ex W(e) that satisfies(X) := Sex c(€) < B. Problems that can be formulated
as the intersection of two matroids are, for example, magshin bipartite graphs, arborescences
in directed graphs, spanning forests in undirected gragihs,

A special case of both budgeted matching and budgeted maiteirsection is the budgeted
matching problem on bipartite graphs. This problem is NRii®y a simple reduction from the
knapsack problem. We remark that the unbudgeted versiotie @fvo problems can be solved in
polynomial-time (see, e.g., [20]).

Our Contribution. We give the first polynomial-time approximation schemesA8)for the
budgeted matching and the budgeted matroid intersectioblggn. For a given input parameter
g > 0, our algorithms compute @ — &)-approximate solution in tim®(m°1/€)), wheremis the
number of edges in the graph or the number of elements in thendrset, respectively.

The basic structure of our polynomial-time approximationesnes resembles similar approaches
for related budgeted optimization problems [18]. By duatizhe budget constraint 6f and lifting
it into the objective function, we obtain for ady> 0 the Lagrangian relaxation LR).

z(A) := maximize(w(S) + A (B—c(S))) subjecttoSe 7. (LR(A))



Note that the relaxed problem LR) is equivalent to the optimization problefh with modified
Lagrangian weights y(e) := w(e) — Ac(e) for all e € E. Since the unbudgeted probleih is
polynomial-time solvable, we can compute the optitregrangian multiplierd * :=argmin -oz(A)
and two optimal solution§; and$; to LR(A*) such that(S;) < B < ¢(S). (Details will be given
in Section 2.) The idea now is featch § and S, together to obtain a feasible soluti@ior I
whose weightv(S) is at least1 — €)opt. Our patching consists of two phases:eanhange phase
and anaugmentation phase

Exchange PhaseConsider the polytope induced by the feasible solutighgo the unbudgeted
probleml1 and letF be the face given by the solutions of maximum Lagrangian kteighis face
contains botts;, andS,. In the first phase, we iteratively replace eitgior S, with another vertex
on F, preserving the invariant(S;) < B < ¢($), until we end up with two adjacent solutions.
Note that both solutions have objective valia*) > opt. However, with respect to their original
weights, we can only infer thai(§) = z(A*) —A*(B—c(S)). Thatis, we cannot hope to use these

solutions directly:S; is a feasible solution fol but its weightw(S;) might be arbitrarily far from
opt. In contrastS, has weighv(S,) > opt, but is infeasible.

Augmentation Phasdn this phase, we exploit the properties of adjacent satstin the solution
polytope. For matchings it is known that two solutions arg@eeht in the matching polytope if
and only if their symmetric difference is an alternatingleyar pathX. Analogously, two adjacent
extreme points in the common basis polytope of two matroais lwe characterized by a proper
alternating cycleX in the corresponding exchangeability graph [4,9]. The iget patchS
according to a proper subpati of X. This subpathX’ guarantees that the Lagrangian weight of
S does not decrease too much, while at the same time the gapdretive budget and the cost of
S; (and hence also the gap betweefs;) andz(A*)) is reduced. This way we obtain a feasible
solutionSwhose weight differs from opt by at most the weight of two esifgdements).

Of course, constructing such a solutiSralone is not sufficient to obtain a PTAS. (The max-
imum weight of an edge (element) might be comparable to thghvef an optimum solution).
However, this problem can be easily overcome by guessingdbes (elements) of largest weight
in the optimum solution in a preliminary step.

Surprisingly, the key ingredient that enables us to prowat there always exists a good patching
subpath stems from an old combinatorial puzzle which we ejfiam the book by Lovasz [10,
Problem 3.21]. We leave the proof as an exercise to the reader

“Along a speed track there are some gas-stations. The toialiat of gasoline avail-
able in them is equal to what our car (which has a very largk)taaeds for going
around the track. Prove that there is a gas-station suchftivat start there with an
empty tank, we shall be able to go around the track withoutinghout of gasoline.”

Related Work. For the budgeted matching problem there is an optimal dhgurif the costs are
uniform. This problem is equivalent to finding a maximum-gfgi matching that consists of at
mostB edges, which can be solved by a reduction to perfect matchNogmuch is known for the
budgeted matching problem with general edge costs, beidéd is NP-hard. Naor et al. [15]
proposed an FPTAS for an even more general class of probiitnish contains the budgeted
matching problem considered here as special case. Hovperegnal communication [14] revealed
that unfortunately the stated result [15, Theorem 2.2]dsirect. To the best of our knowledge, the
budgeted version of the maximum-weight matroid intersectroblem has not been considered
before.



Budgeted versions of polynomial-time solvable optimizatproblems have been studied ex-
tensively. The most known ones are probably the constrashedest path problem and the con-
strained minimum spanning tree problem. Finding a shogégtath P (with respect to weight)
between two verticesandt in a directed graph with edge weights and edge costs sucththtital
cost ofP is at mosB appears as an NP-hard problem already in the book by Garejoamgon [5].
Similarly, finding a minimum weight spanning tree whoseltotst is at most some specified value
is NP-hard as well [1].

Goemans and Ravi [18] obtain a PTAS for the constrained mimrapanning tree problem by
using an approach which resembles our exchange phasenftesm two spanning trees obtained
from the Lagrangian relaxation, they walk along the optifaak (with respect to the Lagrangian
weights) of the spanning tree polytope until they end up with adjacent solutionS; andS, with
c(S1) < B<¢(S). In this polytope, two spanning trees are adjacent if ang brtheir symmetric
difference consists of just two edges. Therefore, the finhltion S, is a feasible spanning tree
whose weight is away from the optimum by the weight of only edge. In particular, once two
such adjacent solutions have been found there is no needhfadditional augmentation phase,
which is instead crucial for matchings and matroid intetises. The PTAS by Goemans and
Ravi [18] also extends to the problem of finding a minimum+gintibasis in a matroid subject to a
budget constraint.

Hassin and Levin [7] later improved the result of GoemansRad and obtained an EPTAS
for the constrained minimum spanning tree problem. A futhypomial bicriteria approximation
scheme for the problem has been found by Hong et al. [8]. Hewelie question whether there
exists a fully polynomial time approximation scheme to thastrained minimum spanning tree
problem is open.

Finding constrained minimum arborescences in directedhgrés NP-hard as well. Guignard
and Rosenwein [6] apply Langrangian relaxatian to solve wtimality (though not in polyno-
mial time). Previous work on budgeted optimization proldeatso includes results on budgeted
scheduling [21] and bicriteria results for several buddetetwork design problems [11].

All problems mentioned above can be interpreted as biaii@ptimization problems with a
min-min objective, i.e., where the goal is to compute a sohg that minimizes the objective value
and whose cost stays below a given budget. In contrast, iwork we consider max-min bicriteria
problems.

Organization of the Paper. The paper is structured as follows. In Section 2, we give some
prerequisites on matroids and Lagrangian relaxation. \&fe gresent the PTAS for the budgeted
matching problem in Section 3. The PTAS for the budgeted aithintersection problem is the
subject of Section 4. In Section 5 we discuss some open pngble

2 Preliminaries

2.1 Matroids

Let E be a set of elements an#l C 2F be a non-empty set of subsetstafThen.# = (E,.7) is a
matroidif the following holds:

(@ Ifl e #andJCl,thend € 7.
(b) Foreveryi,Je .7, |l|=|J

, for everyx € | there isy € J such that \ {x} U{y} € .Z.

The elements of# are calledndependent sets\n independent seX is abasisof . if for every
xe E\ X, XU{x} ¢ .. We assume tha# is represented implicitly by an oracle: for any given



I C E, this oracle determines whethiee .# or not. In the running time analysis, each query to
the oracle is assumed to take constant time. It is not hardaw shat matroids have the following
properties (see e.g. [20] and references therein).

Lemmal. For any given matroid# = (E,.%):

1. (deletion) For every EC E, .# — Ey := (E',.#') is a matroid, where E:= E \ Ey and
F={XeZ : XNEy=0}.

2. (contraction) For every g€ %, .# /Ey := (E',.#’) is a matroid, where E:= E \ Ey and
F'={XCE\Ey:XUEye 7}.

3. (truncation) For every @ N, .#%:= (E,.Z79) is a matroid, whereZ% .= {X € .7 : |X| < q}.

4. (extension) For every set D,[DE =0, .# +D := (E',.%’) is a matroid, where E=EUD
and.7" .= {XCEUD:XNEe€ %}.

Observe that an oracle for the original matroid implicitifides an oracle for all the derived ma-
troids above. GiverX € . andY C E, the exchangeability graplof .# with respect toX and

Y is the bipartite graplex_,(X,Y) := (X\Y,Y \ X;H) with edge seH = {(x,y) : xe X\Y,y €
Y\ X, X\ {x}u{y} € #}.

Lemma 2 ([9]). (Exchangeability Lemma) GivenX.%# and YC E, if ex ,(X,Y) has a unique
perfect matching, then ¥ .%.

The intersectionof two matroids.#; = (E,.#1) and.#> = (E,.#1) over the same ground sEt

is the pair.# = (E, 1N .%2). We remark that the intersection of two matroids might not be
a matroid, while every matroidZ = (E,.#) is the intersection of itself with the trivial matroid
(E,2F). Lemma 1 can be naturally extended to matroid intersecti¢its example, for a given
matroid intersection(E,.#1 N %), by Lemma 1.3(E,.#;'N.%;) is still the intersection of two
matroids, for anyg € N.

Given two matroids#; = (E,.#1) and.#> = (E,.%1), thecommon basis polytopsf .#; and
M5 is the convex hull of the characteristic vectors of the comrnases. We say that two common
basesX,Y € .%; N %>, areadjacentif their characteristic vectors are adjacent extreme padmthe
common basis polytope o#1 and.Z>.

2.2 Lagrangian Relaxation

We briefly review theLagrangian relaxatiorapproach; for a more detailed exposition, the reader is
referred to [16]. The Lagrangian relaxation of the budgetetimization problentl is given by:

z(A) == maximize(w(S) + A (B—c(S))) subjecttoSe .7 (LR(A))

For any value ofA > 0, the optimal solution to LR\ ) gives an upper bound on the optimal solu-
tion of the original budgeted problem, because any feasibletion satisfies o-sc(e) < B. The
Lagrangian relaxation problem is to find the best such uppend, i.e. to determing* such that
Z(A*) =miny>oz(A). This can be done in polynomial time whenever(RRis solvable in polyno-
mial time [19, Theorem 24.3]. In our case, since there arebiaatorial algorithms for weighted
matching and weighted matroid intersection [20], we camenlgtainA* in strongly polynomial
time by using Megiddo’s parametric search technique [I#]ekd, for any fixed feasible solution,
the value of the Lagrangian relaxation is a linear functibéi pso that LRA) is the maximum of

a set of linear functions, i.e. a piecewise-linear convexction. Finding the minimum of such a
piecewise-linear convex function is precisely what is aebd by parametric search.



The idea behind Megiddo’s technique is that, even thoughowsod knowA *, we can simulate
the algorithm solving LRA*) and at the same time discoviét. Towards this end, for eadhe E
the valuew, - (e) :=w(e) — A *c(e) will be manipulated symbolically as a linear function of fbem
a+ A*b. In the simulated algorithm, which is combinatorial, thégear functions might be added
together to create more linear functions, but at most a pohyal number of such functions will be
used overall. Whenever the simulated algorithm asks fomgpesison between songet A *b and
somead + A*b/, we compute the critical for whicha+ Ab =a' + Ab'. To correctly perform the
comparison and resume the simulation of the algorithm,éhisugh to know whether is smaller
or larger thand*. But this can be discovered by solving one more Lagrangi@preblem, this
time with weight functionw — A c: if the corresponding solution costs more tfrnthenA < A*,
and viceversa if the cost is larger thBn At the end of the simulation, the output of the algorithm
can be used to determiné explicitly. Finally, A* can be used to compute two solutidisS, such
that:

1. BothS and S, are optimal with respect to the weight function - (e) := w(e) — A*c(e),
ecE;

2. ¢(S) <B<c(S).

These two solutions can be obtained by solving the relaxebl@ms LRA* +¢) and LRA* —¢€),
respectively, for a sufficiently smadl > 0. Indeed, even without knowing how smalhas to be,
they can be obtained by simulating again the algorithm aseolvang the comparisons accordingly.

2.3 The Gasoline Puzzle

One crucial ingredient in our patching procedure is thetawiuto the puzzle cited in the introduc-
tion. We state it more formally in the following lemma.

Lemma 3. (Gasoline Lemma) Given a sequence of k real valugsya .. a1 of total value
z'j‘;(l)aj =0, there is an index & {0,1,...,k— 1} such that, foranp < h < k— 1, z'jji‘ aj (modk) =

3 A PTASfor the Budgeted Matching Problem

In this section, we present our PTAS for the budgeted magcpmblem. Suppose we are given
a budgeted matching instante= (G,w,c,B). Let n andm refer to the number of nodes and
edges inG, respectively. Moreover, we definvgnax := Maxce W(e) as the largest edge weight
in I. Throughout this section, opt refers to the weight of anrgtisolutionM* for I. In order to
prove that there exists a PTAS, we proceed in two steps: Wegirove that there is an algorithm to
compute a feasible solution of weight at least-oivnax. The Gasoline Lemma will play a crucial
role in this proof. The claimed PTAS is then obtained by gingsthe edges of largest weight in
M* in a preliminary phase and applying the algorithm above.

Lemma4. There is a polynomial-time algorithm to compute a solutiotolthe budgeted matching
problem of weight WM ) > opt— 2Wnax.

Proof. As described in Section 2, we first compute the optimal LagjeanmultiplierA > 0 and two
matchingsVl; andM; of maximum Lagrangian weight, (M1) = w;, (M) and satisfyingc(Mz) <
B < c(My). Observe that for € {1,2} we have that

Wy (Mi) +AB>w, (M*)+AB>w, (M*)+Ac(M*) =opt 1)



Figure 1: The construction used in Lemma 4. Each eggglabeled with the valug;.

We next show how to extract frorivl; UM, a matchingM with the desired properties in
polynomial-time. Consider the symmetric differend® = M; @ M,. Recall thatM’ C M; U M»
consists of a disjoint union of patti#® and cycless’. We apply the following procedure until even-
tually |22 U%| < 1: Take someX € 2 U% and letA:= M1 & X. If ¢(A) < B replaceM; by A.
Otherwise replacél, by A. Observe that in each step, the cardinalityMafn M, increases by at
least one; hence this procedure terminates after at @@ststeps. Moreover, by the optimality of
M1 andM,, the Lagrangian weight of the two matchings does not changaglthe process.

If at the end of this procedure(M;) = B for somei € {1,2}, we are done:M; is a feasible
solution to the budgeted matching problem and

W(Mi) =w, (Mi) +Ac(Mi) =w, (M) +A B> opt

OtherwiseM; @ M, consists of a unique path or cycte= (xo, X, ..., X-_1) such that(M; & X) =
c(Mz) > B > ¢(M;). Consider the sequence

0 =0(X)Wx(X0), ar=0(X)W)(X1), ... &-1=0(X-1)Wp(X1),

whered (x) = 1if x; € Mz andd(x) = —1 otherwise. This sequence has total value zero, because of
the optimality ofM; andM,. By the Gasoline Lemma, there must exist an edge< {0,1,... ,k—

1}, of X such that for any cyclic subsequen€e= (Xi, Xi1) modk)> ---> X(i+h) (modk)),
i+h
0<>a moay= » Wa(®— > w(e. )
J=1 ecX'NMy eeX'NM1

Consider the longest such subsequeXtaatisfyingc(M; @ X’) < B. Lete; =X ande, =
Xi+h) (modk) b€ the endpoints oK’ (see Figure 1). Note that by the maximality Xf and by
the non-negativity of the edge costs, eitlegerc M1 or X is a path andg, its last edge. In both
casesM := (M1 ¢ X') \ {e1} is a matching (whileVl; & X’ might not be a matching & € My).
Moreover,c(M) = c¢(M1 @ X’) —c(e1) < c(M1 @ X’') < B. That is,M is a feasible solution to the
budgeted matching problem.

It remains to lower bound the weight bf. We have

WM X) =wy (M X ) +AcMpa X)) =wy (M@ X')+AB—A (B—c(My X))
>Wy (M) +AB—A(B—c(M1® X)) >opt—A (B—c(M1® X)),
where the first inequality follows from (2) and the secondjumaity follows from (1).
Letes = X(4nt1) (modk)- The maximality ofX’ implies thatc(eg) > B—c(My @ X’) > 0. More-

over, by the optimality oM; andM,, 0 < w;, (e3) = w(es) — A c(e3). AltogetherA (B—c(M1®
X’)) < A c(e3) < w(e3) and hencev(M; @ X') > opt— w(ez). We can thus conclude that

wW(M) =w(M; @ X') —w(ep) > opt—w(es) —w(er) > opt—2Winax.



Theorem 1. There is a PTAS for the budgeted matching problem.

Proof. Let € € (0,1) be a given constant. Assume that the optimum matcMhgontains at least
p:= [2/€] edges. (Otherwise the problem can be solved optimally byebiarce.) Consider
the following algorithm. Initially, we guess the heaviest (with respect to weights) eddég of
M*. Then we remove from the grajhthe edges iM};, all edges incident tdl};, and all edges
of weight larger than the smallest weightMj,. We also decrease the budgetdij;;). Letl’
be the resulting budgeted matching instance. Note that #sémnum weight of an edge i is
Winax < W(MY)/p < M}, /2. MoreoverM; := M*\ M{; is an optimum solution for. We compute
a matchingVl’ for I’ using the algorithm described in the proof of Lemma 4. Evalhtuwe output
the feasible solutioM := M UM’

The algorithm above has running tin@mP+O1)) = O(m°(1/¢)), where themP factor comes
from the guessing d,. By Lemma 4w(M’) > w(M;") — 2w, ,,. It follows that

W(M) = W(M§) +W(M') = WMY;) +W(M[) = 2Whax = WMT) — eW(MY) > (1— &) w(M").

O

4 A PTASfor the Budgeted Matroid I nter section Problem

In this section we will develop a PTAS for the budgeted madtrioitersection problem. As in
the PTAS for the budgeted matching problem, we will first shmw to find a feasible common
independent set of two matroid#; = (E,.%1) and.#> = (E,.%>) of weight at least opt 2Wnay,
wherewnax is the weight of the heaviest element. The PTAS will thendielksimilarly as in the
previous section.

Like in the matching case, we initially use Megiddo’s par&imesearch technique to obtain the
optimal Lagrangian multiplieA > 0 and two solutionX,Y € %1 N.%,, ¢(X) < B < c(Y), that are
optimal with respect to the Lagrangian weights(e) = w(e) — A c(e), e € E. Notice that neither
X norY will contain any elemené such thatw, (e) < 0. Furthermore, both solutions can be used
to derive upper bounds on the optimum solution. In factlldte the optimum solution, of weight
opt=w(l*). ForZ € {X,Y},

W) (Z)+AB>wy (I") +AB>w, (1) +Ac(l™) = opt (3)

If X andY have different cardinalities, sa¥| < |Y|, we extend#; and.#> according to Lemma 1.4
by adding|Y| — |X| dummy element® of weight and cost zero, and then we replacby X UD.
(Dummy elements will be discarded when the final solutioretsinned.) Of course, this does not
modify the weight of the optimum solution nor the weight andtofX. Finally, using Lemma 1.3
we truncate the two matroids ¢p= |X| = |Y|. The solutions< andY will now be maximum-weight
common bases of each one of the two truncated matroids.

In the following, we will show how to derive frorX andY a feasible solution of weight at least
opt— 2Wmax. This is done in two steps. First (Section 4.1), we extraamnfX UY two adjacent
common bases, one below and the other over the budget, védtisaime (optimal) Lagrangian
weight of X andY. Then (Section 4.2) we apply the Gasoline Lemma to a propealiay graph
to compute the desired approximate solution.

4.1 Finding Adjacent Common Bases

The following lemma characterizes two adjacent commonsasthe common basis polytope of
two matroids.



Lemmab5 ([4,9]). Assume we have two matroidg; = (E,.#1), .#> = (E,.%2) and two common
bases XY € .#1N.%». Then X and Y are adjacent extreme points in the common balsi®pe if
and only if the following conditions hold:

1. The exchangeability grapx_,, (X,Y) has a unique perfect matching:M
2. The exchangeability grapx_,,(X,Y) has a unique perfect matching;M
3. The union MU M, forms a connected cycle.

The following corollary of Lemma 5 will help us to deal withmtpacted matroids.

Corollary 1. Let.#1 = (E,.#1) and .#, = (E,.%>) be two matroids. Moreover, letZ.%1N.%;

and ZC XNY. Then X and Y are adjacent extreme points in the common palsi®pe of. 71
and.#, if and only if X\ Z and Y\ Z are adjacent extreme points in the common basis polytope of
///1/2 and//lz/z.

Proof. First note, thaiX is a basis of#; if and only if X\ Z is a basis of#;/Z (i =1,2) by
Lemma 1.2. The same holds fér Moreover, aZ C XNY, the exchangeability grapleg_, (X,Y)
andex 4 ;z(X\Z,Y\ Z) (i = 1,2) are the same, since they are defined on the symmetricetiffer
of X andY. The claim then follows immediately from Lemma 5. O

Remember thakK andY, are maximum-weight common bases.#f; and.#> with respect
to the Lagrangian weightw, , and thatc(X) < B < c(Y). Since our solution will be a subset of
XUY, let us delete the elemerfi = E \ (X UY) according to Lemma 1.1. In order to do a similar
patching procedure as for the matching problem, we wouklXilandY to be adjacent extreme
points in the common basis polytope .ef; and.#>. The following lemma will help us to find
such two adjacent common bases which are also of maximurhtweith respect tav, .

Lemma 6. There is a polynomial-time algorithm that finds a third maximweight common basis
A with respect to y, such that XA A#Y and X0Y C AC XUY, or determines that no such basis
exists.

Proof. LetZ = XNY. Without loss of generality, le&X\Y = {xq,...,x} andY\ X = {y1,..., Vi }.
For1<i,j <r denote by#,' = .#1/Z— {x,y;} and.#, = .#>/Z —{x,y;} the matroids result-
ing from the contraction of (Lemma 1.2) and the deletion gfandy; (Lemma 1.1).

Consider the following (polynomial-time) algorithm. Fovesy 1 <1i,j <r computeA;j, a
maximum-weight common basis o7}’ and .#,'. If there is anA;j satisfying |A;j| = r and
W) (Aij) = w, (X'\ Z), thenA = Aj; UZ is the desired third basis. In fadd; is a common basis
of ., and.#,}, and sincéA| = |Ajj| +|Z| = |X|, itis also a common basis of; and.#,. Also,

X # A#Y sincex andy; are not present inZ,' and., .

If none of theAjj’s satisfiegAjj| = r andw, (Ajj) = w; (X \ Z), then no common basisof .7
and.#>, with the desired properties exists. In fact, assume by adidtion that there is such a third
maximum-weight basi&. Choose and j such thatx;,y; ¢ A. Note that such indices must exist
sinceX # A#Y. ThenA\ Z is a common basis of#,’ and.#,’. Hencew, (Ajj) > w, (A\ Z),
sinceAy;j is a maximum-weight such common basis. Mored¥er] = |A\ Z| =r, and thusAjj UZ
is @ common basis o, and.#5>, implying w) (Aij UZ) < w, (A). Hencew), (Ajj) < w, (A\Z).
We can conclude that, (Ajj) = w), (A\ Z) =w, (X\ Z), which is a contradiction. O

We can now apply Lemma 6 as follows. Until we find a third basisve replaceX by A if
c(A) < B, andY by A otherwise. In either case, the cardinality of the inteisectf the newX and
Y has increased. Hence this process ends in at @@s} rounds.



At the end of the procesX andY must be adjacent in the common basis polytopeafand
M. Infact, X\ Y andY \ X are maximum-weight common bases#f /(XNY) and.#2/(XNY)
and there is no other maximum-weight common basisf .#1/(XNY) and .Z,/(XNY), as
otherwiseA = A'U (X NY) would have been found by the algorithm from Lemma 6. Now as
X\Y andY \ X are the only two maximum-weight common bases, they musttasadjacent on
the optimal face of the common basis polytope#i/(XNY) and.#>/(XNY). Therefore, by
Corollary 1,X andY are adjacent in the common basis polytopef and. .

4.2 Merging Adjacent Common Bases

Let X andY be the two adjacent solutions obtained at the end of the gsodescribed in the
previous section. Notice that, if eithefX) = B or c(Y) = B, we obtain a feasible solution that is
optimal also with respect to the original weights, in whielse we can already stop. For this reason
in the following we will assume tha(S;) < B < ¢(S). Without loss of generality, we also assume
thatX \Y = {xg,%2,.... %} anY\ X = {y1,¥2,.. ., V¢ }.

Lemma 7. Given X and Y with the properties above, there is a polynotiriad algorithm which
computes a common independent set X#; N.%, such that ¢X’) < B and wX') > opt— 2Wmax.

Proof. We exploit again Lemma 5 to obtain two unique perfect matg$iMy = {Xiy1,..., %V}

in ex_z (X,Y) andMy = {y1Xo,YoX3, ..., ViX1} in €X_ 4 (X,Y). Let (X1,Y1,%2,¥2,...,%,Yr) be the
corresponding connected cycle. Assign to the each rgge weightd; := w (y;) —w; (x;), and
weight zero to the remaining edges. Cleagl}gl 0j = 0, sinceX andY have the same maximum
Lagrangian weight. Hence, by the Gasoline Lemma, there exist an edge of the cycle such
that the partial sum of thé-weights of each subpath starting at that edge is nonnegatifithout
loss of generality, assumaey; is such an edge. Thus for alK r, zij:l 0j > 0. Find the largest
k <'r such that(X) + z‘j‘:l(c(yj) —c(xj)) < B. Sincec(Y) > B, we havek < r and by construction
o(X) + $5_1(c(y)) — 6(x})) > B— C{yks1) + C(Xcs1)-

We now show thakK’ := X\ {x1,..., %1} U{y1,...,Y«} satisfies the claim. By the choice kaf
B — Cmax < B—c(Yk+1) < c(X’) < B, wherecmax = maxee c(€). Also, sincez‘j;1 0j > 0, we have
Wy (X') = W) (X) = W) (Xc-1) = Wi (X) — Winae

We next prove thaK’ € .7; N .%,. Consider the seX’ U {xx.1}: its symmetric difference with
Xis the sef{xq,...,x}U{y1,...,¥}. Recall thatgy; is an edge oM;. Thus, fori <k, it is also
an edge oex 4 (X, X"U{x+1}) so that this graph has a perfect matching. On the other hamd th
perfect matching must be unique, otherwie would not be unique i®x_4 (X,Y). Thus by the
Exchangeability LemmX' U {xc.1} € Z1.

Similarly, consider the set’ U {x;}: its symmetric difference witlX is the sef{xy,..., X1} U
{y1,..., ¥k} Fori <Kk, yiXi11 is an edge oM,. Thusex_,,(X,X'U{x1}) has a perfect matching, and
it has to be unique, otherwidé, would not be unique iex 4, (X,Y). Thus by the Exchangeability
LemmaX'U{x1} € .%,. We have thus shown thaf' U {xc;1} € F1 andX'U{x1} € F>. As a
consequenceX’ € .71 N.%>.

It remains to bound the weight of:

W(X) =Wy (X') £ Ac(X) =Wy (X') £ AB— A (B— (X))

Above we used the fact that, (e) > 0 for all e € Y, so in particularw) (Y1) = W(Yk+1) —
AC(Yik+1) = 0, implying Wmax > W(Yk+1) > AC(Yk+1). The last inequality follows from (3). O



Theorem 2. The budgeted matroid intersection problem admits a PTAS.

Proof. Let € € (0,1) be a given constant. Assume that the optimum solution awsitai least

p := [2/€] elements (otherwise the problem can be solved optimally rogebforce). We first
guess the elements of largest weight in the optimal solution. Usingtcaction (Lemma 1.2) we
remove these elements from both matroids, and using del@temma 1.1) we as well remove all
elements that have a larger weight than any of the contradtedents. We decrease the budget
by an amount equal to the cost of the guessed elements. yFimalbpply the above algorithm
and we add back the guessed elements to the solution. Thedingibn will have weight at least
opt— 2w/, Wherew/ . is the largest weight of the elements that remained aftegulessing step.
Since opt> (2/€)W),.5 We obtain a solution of weight at legst— €)opt. The running time of the
algorithm above i©(mP(1/9)). O

5 Conclusions and Open Problems

In this paper we presented PTASs for the budgeted versionwof fundamental problems:
maximum-weight matching and maximum-weight matroid iséetion. Our approach resembles
similar results in the literature, based on Lagrangianxetlan and patching. However, standard
patching techniques seem not to be able to provide good sippeton algorithms for our prob-
lems. This is not surprising, since the combinatorial stmecof the underlying unbudgeted prob-
lems in our case is more complicated. In order to overcongedtfiiculty, we designed a novel
patching technique. One crucial ingredient in our patclprocedure was the solution to an old
combinatorial puzzle.

There are several problems that we left open. One naturatiqnés whether we can apply our
patching technique to other budgeted problems. Apparethidymain ingredient we need is that
the difference between two adjacent vertices in the pobytithe solutions to the corresponding
unbudgeted problem can be characterized by a proper altegr@ath or cycle. This deserves
further investigation.

Another natural question is whether there are FPTASSs foptblelems considered. We conjec-
ture that budgeted matching is not strongly NP-hard. Howéieling an FPTAS for that problem
might be a very difficult task. In fact, for polynomial weigh&nd costs, the budgeted matching
problem is equivalent to thexact perfect matching proble(eee Appendix): Given an undirected
graphG = (V,E), edge weightw : E — Q, and a parametaV € Q, find a perfect matching of
weight exacthyw, if any. This problem was first posed by Papadimitriou andnédakis [17]. For
polynomial weights, the problem admits a polynomial-timerite Carlo algorithm [3, 13]. Hence,
it is very unlikely that exact perfect matching with polynatweights is NP-hard (which would
imply RP=NP). However, after 25 years, the problem of finding a deteistic algorithm to solve
this problem is still open.

Finally, an interesting open problem is whether our apgrozan be extended to the case of
multiple budget constraints. The difficulty here is that @&soline Lemma alone seems not able
to fill in the cost-budget gap for several budget constrahthe same time

References

[1] V. Aggarwal, Y. P. Aneja, and K. P. K. Nair. Minimal spamgi tree subject to a side constraint.
Computers & Operations Resear®(4):287-296, 1982.

[2] J. Beasley and N. Christofides. An algorithm for the resewconstrained shortest path prob-
lem. Networks 19:379-394, 1989.

10



[3] P. Camerini, G. Galbiati, and F. Maffioli. Random pseumtisynomial algorithms for exact
matroid problemsJournal of Algorithms13:258-273, 1992.

[4] A. Frank andE. Tardos. Generalized polymatroids and submodular flodMathematical
Programming 42:489-563, 1988.

[5] M. R. Garey and D. S. JohnsorComputers and Intractability: A Guide to the Theory of
NP-Completenes3V. H. Freeman, 1979.

[6] M. Guignard and M. B. Rosenwein. An application of laggaan decomposition to the
resource-constrained minimum weighted arborescencdegmobNetworks 20(3):345—-359,
1990.

[7] R. Hassin and A. Levin. An efficient polynomial time apgitmation scheme for the con-
strained minimum spanning tree problem using matroid setetion. SIAM J. Comput.
33(2):261-268, 2004.

[8] S.-P.Hong, S.-J. Chung, and B. H. Park. A fully polynohtiriteria approximation scheme
for the constrained spanning tree probleBper. Res. Lett.32(3):233-239, 2004.

[9] S. Iwata. On matroid intersection adjacenBjscrete Mathematic242:277-281, 2002.
[10] L. Lovasz.Combinatorial Problems and Exercisddorth-Holland, 1979.

[11] M. V. Marathe, R. Ravi, R. Sundaram, S. S. Ravi, D. J. Rkentz, and H. B. H. Ill. Bicri-
teria network design problems. Automata, Languages and Programmimpgges 487—-498,
1995.

[12] N. Megiddo. Combinatorial optimization with rationabjective functions.Mathematics of
Operations Researcl(4):414-424, 1979.

[13] K. Mulmuley, U. V. Vazirani, and V. V. Vazirani. Matchgnis as easy as matrix inversion.
Combinatorica 7(1):105-113, 1987.

[14] J. Naor, H. Shachnai, and T. Tamir. Personal commuinica2007.

[15] J. Naor, H. Shachnai, and T. Tamir. Real-time scheduliith a budget. Algorithmica
47(3):343-364, 2007.

[16] G. L. Nemhauser and L. A. Wolseynteger and Combinatorial OptimizationJohn Wiley,
1988.

[17] C. Papadimitriou and M. Yannakakis. The complexity etricted spanning tree problems.
Journal of the ACM29:285-309, 1982.

[18] R. Ravi and M. X. Goemans. The constrained minimum spentree problem (extended
abstract). IlSWAT pages 66—75, 1996.

[19] A. Schrijver. Theory of Linear and Integer Programmin@Viley, 1986.

[20] A. Schrijver.Combinatorial Optimization. Polyhedra and efficienesplume 24 ofAlgorithms
and CombinatoricsSpringer-Verlag, Berlin, 2003.

[21] D. B. Shmoys andE. Tardos. Scheduling unrelated machines with costsSODA pages
448-454, 1993.

11



Appendix: Exact Perfect Matching and Budgeted M atching

Here we discuss the relation between the budgeted matchobéem and the exact perfect match-
ing problem. In particular, we show that the two problemseqaivalent for polynomial weights
and costs.

Recall that theexact perfect matching probleimthe problem of determining whether an undi-
rected grapl = (V, E), with edge weightsv: E — Q, admits a perfect matching of weight exactly
W € Q. Let moreover théudgeted perfect matching probldra the variant of the budgeted match-
ing problem where we also require that the matching retuimedrfect.

Lemma 8. For polynomial weights and costs, the following problemes polynomially reducible:
(a) exact perfect matching; (b) budgeted perfect matching;(c) budgeted matching.

Proof. Without loss of generality we will assume that weights anstg€@re nonnegative integers.
As usualwnax andcnax denote the largest weight and cost, respectively.

(@) = (b). Let (G,w,W) be the input exact perfect matching instance. Solve thediadgerfect
matching instanc€G,w,c,B), whereB =W and c(e) = w(e) for every edgee. If the solution

returned has weight smaller thBr=W, the original problem is infeasible. Otherwise, the saoluiti
computed is a perfect matching Gfof weightW.

(c) = (a) Let (G,w,c,B) be the input budgeted matching instance. For two gW&nandC*,
consider the exact perfect matching instaf@ew,W’), whereW’ = (n/2+ 1)cmadV* + B* and

W (e) = (n/2+ 1)cmaxW(e) + c(e) for every edgee. Problem(G,w ,W’) is feasible if and only if
there is a matching of weighW* and costB* in the original problem. By trying all the (poly-
nomially many) possible values foW* and B*, one obtains the desired solution to the original
problem.

(b) = (c) Let (G,w,c,B) be the input budgeted perfect matching instance. Condigebudgeted
matching instancéG,w , ¢, B), wherew'(e) = w(e) + (n/2+ 1)wnax for every edgee. The original
problem is feasible if and only the maximum matchMg of the new problem containg/2 edges.

In that caseM* is a maximum perfect matching. O
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