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��� Synopsis of discrete spatial interaction models
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Figure ���� Synthesis of the random �eld�

We restrict ourselves to discrete spatial interaction models with real or integer valued
grey level intensities� The random �eld X is generated by transformations of a random
sequence u as samples of a certain stochastic process U 	 which will be speci�ed later� In
Fig� ��� is presented the diagram for the synthesis of the random �eld X� The stochastic
model of X is de�ned by the transformations T� and T� and the characteristics of U � T�
and T� are not limited by any physical realizability considerations as is the case in system
theory� Transformation T� is de�ned as
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�r are the model parameters	 and the following notation is used
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r 
 �r�� r�� and s 
 �s�� s�� are sites of the lattice L	 and Nr is the vicinity of site r� We
will also use the alternative de�nition for the spectral representation
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where M �M is the size of the lattice L�
The transformation T� has di
erent expressions for di
erent classes of models� In

Table ��� we give the de�nition for only three such models�

����� Analysis of Markov models

In this lecture we restrict the discussion to only a particular class of Markov models� The
transformation T� will be written as�
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X
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�r xs�r 
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Model T�

Simultaneous
autoregressive
�SAR�

T� 
 �

SAR
moving
average
�SARMA�
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Conditional
Markov
�MRF�

T� is de�ned implicitly from the power
spectrum

�v��� 
 A�ejw�

The following notation is used

T� 

p
A�z�

Obs�� If there is an A��z� such that

A��z�A��z� 
 A�z�

the model is a SAR model� If A�z� has
no factorization	 the de�nition has no
meaning� In one dimension a symmet�
ric polynomial A�z� is always factoriz�
able� This is one of the key di
erences
and di�culties of the two�dimensional
problems�

Table ���� Stochastic models and the associated transformations�
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with �r 
 ��r	 the model is de�ned on a symmetric neighborhood� The process v and the
transformation T� are implicitly de�ned by the following conditions�

E �vsjxr� r �
 s� 
 � �����

i�e� vs is independent of xr for sites r �
 s� Hence

E �xsjxr� r �
 s� 

X
r�Ns

�r xs�r �����

X is a MRF with respect to the symmetric neighbor set N on the lattice L�
If the process v is Gaussian we can write�

p�xsjxr� r �
 s� 
 p�xsjxs�r� r � Ns�
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Further we assume X to be stationary and evaluate its power spectral density� We will
use the Wiener�Khintchine theorem �Eq� ������ Eq� ��� is multiplied by xs�s� and the
expectation of the product is evaluated� Using the statistical independence in Eq� ��� we
obtain the autocorrelation function
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After evaluation of the Fourier transform of both sides	 we obtain�
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Thus
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where � 
 ���� ���	 with � � ��� �� �M � �� Using the model de�nition we observe that
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which de�nes the process v�
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����� A matrix formalism

Until now we wrote all equations for a generic site s of the lattice L� The characterization
of the random �eld	 as given in Eq� ���	 is actually written for all M �M sites of the
lattice L� Further we assume the lattice L to have circular symmetry as introduced in
section ���	 and use the stack vector representation x of the image xs� s � L� Thus we
can write the model Eq� ��� in matrix form�p

A���x 
 � v ������

Where v is the stack vector used for the representation of the process v	 and A��� is a
symmetric block circulant matrix�
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with each A��i a M �M circulant matrix	

A��i 
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Now we can write the expression for the joint p�d�f� of the entire image assuming the
knowledge of the p�d�f� of the process v�
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r�L jjAD�r�jj�� If v is a Gaussian process
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����� Gauss Markov Random Field

Thus	 in summary	 a Gauss Markov Random Field �GMRF� de�ned on the lattice L and
having symmetric neighborhood is characterized by
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X
r�Ns

�r xs�r �
p
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With v a zero mean	 unit variance Gaussian noise having

E �vr � vr�s� 
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and �r 
 ��r� The covariance matrix CX of X is positive de�nite� The joint p�d�f� of X is
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The Markov property

p�xsjxr� r �
 s� 
 p�xsjxs�r� r � Ns�
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and the power spectrum is
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A GMRF is a special case of GRF� A Gaussian process is a special case of GMRF whose
Gibbs energy consists only of single site clique potentials� It has no contextual interaction�



Bibliography

��� G� Winkler	 Image Analysis� Random Fields and Dynamic Monte Carlo Methods�

Springer	 ����

��� S� Li	 Markov Random Field Modeling in Computer Vision� Springer	 ����

��



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 15%)
  /CalRGBProfile (ColorMatch RGB)
  /CalCMYKProfile (U.S. Sheetfed Uncoated v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile (None)
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308030d730ea30d730ec30b9537052377528306e00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /FRA <>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


