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Inversion of ground-based radiometric data by Kalman filtering

Patrizia Basili, Piero Ciotti, and Domenico Solimini
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Retrieval of atmospheric vertical temperature profiles from ground-based radiometric observations

requires shrewdness and judicious choice o f  parameters to surmount the noxious effects o f  the

ill-posed nature o f  the inversion. Kahnan l inear estimation, already successfully used i n satellite
microwave sounding of  atmospheric temperature, can be also applied to infer  the thermal state

of the lower troposphere from ground-based infrared measurements. After  a shor t survey of  the
relevant formalism the implementation of the Kalman filter is discussed with regard to the transition

operator and to the error covariances. I n  particular, the measurement errors are considered i n

some detai l , and thei r  dependence on the atmospheric dynamics is pointed out. The attainable

spatial resolution is compared with that of another commonly used inversion technique, and, finally,

a set o f  temperature profiles estimated by the Kalman algorithm from a sequence o f  successive

radiometric measurements is reported.

1. INTRODUCTION

When estimating atmospheric temperature pro-

files, special care is required in  the inversion o f
radiometric data in order to minimize the inherent

instability o f  the solution. The situation is worse

when the pertinent radiative transfer kernels are

particularly smooth, as can be the case for ground-

based radiometry. A number of methods have been

devised, b y  which erratic solutions o f  ill-posed

problems can be curbed within reasonably signifi-

cant patterns. Commonly used techniques include
the regularization of the sought solution [Tihonov,

1963; Twomey, 1963] , statistical methods [Strand

and Westwater, 1968; Rodgers, 1975] , synthetic av-

eraging kernels [Backus and Gilbert, 1968; 1970] , re-

laxation procedures [Chahine, 1970] , and 'shaped'

iteration processes [Strand, 1974] T o  be success-

ful, each technique has its own  requirements.

Reasonable regularization can  be  achieved b y

judiciously choosing the smoothing parameters,

while the availability o f  climatological data is de-

manded by statistical methods. A knowledge of the
statistics o f the measurement noise can also be a

major requirement, as is the case for Backus-Gilbert
inversion. The number of steps, in connection with

initial guesses of profiles as well as with the chosen

shaping operators, can affect the significance o f

the solution obtained through relaxation and itera-

tive procedures.
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Recently, Kalman filtering has been tested as a

novel technique for retrieving atmospheric temper-

ature profiles from satellite microwave spectromet-

ric observations [Ledsham and Staelin, 1978] I n
its recursive scheme, both deterministic information

and statistical elements are blended to produce an

optimal estimate o f  the unknown quantities from
the available measurements [Sorenson and Stub-

berud, 1970] The  iterative frame of the filter allows

one to propagate the estimate from one time to

the other (or, equivalently, f rom one place to an

adjacent one) by using the information which is
available on the deterministic state transition in

space or in time of the process under observation.
Both statistics o f random deviations of the actual

values from the predicted values and the known

measurement noise come then into the algorithm

to settle the optimum balance between the prediction
and the innovation brought by the measurements.

Although occasional poor performance could occur

at the start of its recursive implementation, Kalman

filtering was noticed to achieve overall significant
accuracy in atmospheric temperature retrieval from

satellite brightness measurements.

In this paper, the use o f  the Kalman filte r to

estimate vertical profiles o f  low-altitude tropo-

spheric temperature f rom ground-based infrared
radiometric measurements is considered. Afte r a

short summary o f  the relevant algebra the filte r

implementation is discussed in  some detail with

regard to the structure o f  the transition operator
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and to the construction o f  the error covariances

of the a priori expectations and of the propagated

estimates. The sta t ist i
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ment errors are then examined, and their depen-

dence on the atmospheric dynamics is investigated.

The attainable spatial resolution is compared with

that of another commonly used inversion technique,

and, finally, a set of temperature profiles is estimat-

ed from a sequence o f  radiometric measurements

taken at successive times on a 24-hr period.

2. T H ER M AL PROFILES AND KALM AN  FILTERING

The use o f  Kalman-Bucy equations in  the in -

ference o f  atmospheric temperature profiles has

been already discussed elsewhere [Ledsham and

Staelin, 1978]. In the following, only a short sum-

mary o f  the relevant algebra will be given. The

reader interested in  the underlying mathematical

theory, as well as in more details about the tempera-

ture retrieval problem, is referred to the aforecited

work and bibliography quoted therein, as well as
to papers on ground-based radiometry [Wang et

al., 1975; Westwater et al., 1975]

When a narrow field-of-view ground-based ra-

diometer points toward the atmosphere at elevation

angle 'a, its output voltage is given by
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X, within the spectral band of the instrument. The

atmosphere is considered to extend up to a maxi-

mum distance L and is assumed to be nonscattering

and in  local thermodynamic equilibrium. The ir-

regular motion of the air produces fluctuations o f

both temperature T(r) and absorption coefficient
a(r) at distance r from the instrument, and hence,

in turn, IV
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When they are split into average components and
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the output of the radiometer is written as

V„(6, t) = W

o

( 1 5 ,  

r ) B

o

( r )  

d

r  

+  

' ,

( 1

5 ,

0

(2)

where, when small fluctuations about averages are

considered, the random part of the output is
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and results from both atmospheric fluctuations and

instrumental noise V .  The average part o f  the

radiometric output, which if the integrand is consid-

ered as a function of height z above ground rather

than o f  distance r  and i f  the atmosphere extends

up to a maximum height H, can be written as
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contains the useful information on the temperature

profile, since only the average radiative transfer
kernel is a priori known, and, moreover, the defini-

tion itse lf o f  (noninstantaneous) vertical profile

implies that the short-term fluctuations of tempera-
ture be smoothed out. To  estimate the thermal

profile, integral equation (5) must be solved with

respect to the Planck function B

o
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measurement procedures do not allow the average

output to be exactly known because o f the effect

of the random component (4), which unavoidably

limits the accuracy of measurements. As a conse-

quence, an estimate Of B 0

(z )  m u s t  

b e  

a t t e m p t e

d

by solving the Fredholm integral equation o f the

first kind (5) in which the known function is cor-

rupted by some measurement noise. This kind o f

ill-posed problems does not always possess a stable

solution, in  the sense that depending on the form
of the kernel, the errors in  the known data can

produce substantial perturbation in the solution up

to the point that this latter eventually loses any

meaning. This is, in  fact, the case fo r (5), since

ground-based radiative transfer kernels are funda-

mentally ill conditioned.
To overcome the difficulties inherent in the inte-

gral equation approach to the inversion o f  noisy

data, the problem may be considered from a dif-

ferent, although essentially equivalent, point o f

view. The atmosphere is  regarded as a  linear,

stochastic dynamical system, and the measurements

which carry the information about its thermal state

are assumed to be linearly related to the thermal
state vector itself:
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In (6), V  is the vector 'of measurements, B is the

state vector, N represents the noise in the measure-

ments, and W is the observation matrix. Equation

(6) is readily recognized to be the matrix equation

to which integral equation (5) reduces when the

practically relevant discrete case is considered and
the noise is explicitly included. This observation

leads one to identify W as the matrix of the discrete

weighting functions derived from the corresponding

radiative transfer kernels, B as the vector o f  the

Planck functions for the various heights above the

ground, V  as the vector o f  the radiometer output

measured at different elevation angles, and N as

the corresponding noise term. Kalman linear es-

timation procedures can be followed to infer an

unbiased, minimum variance estimate o f  B, given
data V:
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where subscript p denotes the a priori expectation

and the caret, in  general, denotes the estimate.

Kalman gain K has the following form:
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matrix o f  the measurement vector V. I t  can be

remarked that Kalman gain settles an optimum
balance between a priori estimate and measurement

innovation according to the precision of the former

and the accuracy o f  the latter. Equations (7) and

(8) themselves a llow the thermal profile t o  be
inferred f ro m inversion o f  radiometric data.

However, the linear stochastic system approach
contains additional resources, since it enables esti-

mates to be propagated in time, as well as in space.

The evolution o f the atmospheric thermal state is

assumed to be described by
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where (1) ,  is  the matrix which expresses the
deterministic transition between successive states,

here denoted by subscripts i  and i  +  1, and T,
is the random component o f  the transformation,

characterized by the covariance matrix Q,. Co-

variance P ,  of the error affecting the state vector

B,,, can also be related to the previously calculated
covariance P, through the following equation:
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Pi+1 +  Qi ( 1 0 )

It is spontaneous to identify the state vector and
the corresponding covariance propagated by (9) and

(10) with  a priori expectation B
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state can be processed through (7) and (8), taking

full advantage o f  the information supplied by the

past measurements. A  recursive process is thus

triggered, through which successive thermal profiles

are estimated from a sequence of radiometric mea-

surements, with adequate exploitation of the known

past history of the atmospheric thermal state.

3. D ESIGN  OF THE FILTER

Implementing the algorithm requires that three
covariance matrices and the deterministic transition

matrix be specified. The following discussion is

centered mainly on the solutions that have been

adopted fo r a  ground-based infrared etperiment
conducted by the authors in the Mediterranean area.

Obviously, different experimental conditions and

measuring procedure may require variations in the

determination of the filter parameters.

3.1. A  priori expectation and errors. T o  initiate

the filter, an a priori expected thermal profile is

necessary. When climatological statistics are not
available fo r the site o f  the experiment, model

atmospheres [Valley, 1965] ma y be used. Since

this experiment was carried out in  Rome, Ita ly,

synoptic radio soundings taken at the Leonardo
da Vinci Airport in Fiumicino at about 20 km from

the site o f  the experiment appear to yield more

accurate a  prio ri information than the standard

atmospheric models. Eighty-three temperature

profiles measured by radiosonde in the same season

as that o f  the experiment were averaged over 4

yr to form the expected initial thermal profile. Since
the effect o f  the urban area on the local meteoro-

logical variables can be noticeable [Colacino and
Dell'Osso, 19781, the lowest level temperatures

were corrected by taking into account the tempera-
ture values measured on a baroque tower in  the

center of the city o f  Rome. The error covariance

matrix of this a priori estimate was determined in

a straightforward way by comparing the tempera-

tures o f  each individual profile with  the means
calculated at the various levels.

3.2. Transit ion  matrix and errors. T h e  transi-

tion matrix must be constructed so as to linearly
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relate the temperature profile at a given time to
a previous one. I f  temperature statistics for each

pair of times are available, solution of linear equa-

tion systems yields rows (or columns) of the transi-

tion matrix.. However, in  the most common case,

only profiles measured 12 hr apart are available.

On the other hand, the transition matrix represents

the deterministic link between profiles at different

times, and hence models that suitably describe the

temporal evolution o f  the thermal state o f  the

atmosphere can be used alternatively. To form the

transition matrix to be used in this experiment, a
simple linear diffusion model [Laikhtman, 1964]

with height-dependent diffusion coefficient has
been worked out, which yields the temperature

profile as a function of time for assigned boundary

(at ground and at infinite height) conditions. Pairs

of profiles 3 h r apart formed the data basis fo r
the construction o f the transition matrix. The ac-

curacy o f  the a priori information obtainable by

this procedure clearly depends on how realistic the

adopted model is. Eventual additional information,

such as that obtainable by active remote sensing

techniques [  Westwater, 1978] , can be incorporated
in more complex models to forecast the determinis-

tic evolution o f  relevant features o f  the profile,
such as elevated (subsidence) inversions.

The errors affecting the propagated estimates

(plant noise) can be determined by a comparison

between estimates and actually measured profiles

or, when feasible, by evaluating the overall accuracy
of the used model.

3.3. Measurement errors. A s  has been shown

in section 2, the accuracy o f  the measurements
is limited by both the atmospheric fluctuations and

the instrumental noise. A  generic element o f  the

measurement error covariance matrix is given by
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Instrumental noise V,' , which takes into account
the noise o f  the detector and o f  the electronic

system, is uncorrelated with the atmospheric fluc-

tuation
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in turn, are weakly correlated with the fluctuations

of the weighting function, which result f rom the

effect of the irregular variations of the local trans-

mittance p iled u p  along the radiometer beam.

Therefore it seems reasonable to assume R,

J t o  b eformed by three terms only:
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The first term derives from the fluctuations of the

Planck function, that is, from the irregular variations

of the atmospheric temperature. When the fluctua-
tions are small with respect to the average quantities,

the space-time correlation function o f the Planck

function can be linearly related to the space-time

correlation function of the atmospheric temperature

fluctuations. For the elements on the main diagonal

of the covariance matrix, T

u  0 ,  s o  
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a

procedure analogous to  that followed elsewhere
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In (14), k is Boltzmann's constant, c is the velocity

of light, h is Planck's constant, and function g
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has been assumed to depend on R rather than on

r'  and r"  separately. This assumption approaches

reality for atmospheric parameters varying nearly

exponentially and fo r heights above the ground
which are small with respect to the characteristic

heights o f  the exponential model. A n  isotropic,
locally homogeneous temperature fi e ld  w i t h

smoothly varying mean characteristics has also been

assumed. Equation (14) points out that the contribu-

tion o f  the temperature fluctuations to  the error
covariance of the radiometric measurements results

from the local temperature variance integrated along

the radiometer beam with  weights which depend

both on the atmospheric absorption and on the local
average temperature. I n  addition, f o r  a  g iven

variance the shape o f  the spatial spectral density
of thermal irregularities also affects the error co-
variance. I t  should be noted that the contribution

of thermal fluctuations occurring at R >  1,12 is

generally exiguous, so that the second double inte-

gral in (14) is usually negligible with respect to the

first one. Fo r elements outside the main diagonal
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ically cumbersome, can be obtained under similar
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tribution to elements on the main diagonal of the
error covariance matrix, whereas their effect on

the off-diagonal elements diminishes toward the
corners of the matrix.

The second term of (13), which takes into account

the variations o f the weighting functions, depends

on the average atmospheric temperature. For a given

average absorption, a  nearly isothermal situation

generally minimizes the effect o f the weight fluc-

tuations. Therefore it  is expected that the matrix

elements that correspond to the lowest elevation

angles receive the least contribution f rom these
fluctuations.

Finally, the properties of the third term can be

straightforwardly appreciated from the characteris-
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tics of the noise of the detector and of the processing
electronics.

4. SPAT I AL RESOLUTION

A major feature o f an inversion technique is its
spatial resolution, i.e., its capability of discriminat-

ing between different values taken by the observed

variable at different heights. The resolving power

is ultimately determined by the weighting functions

pertinent to the measurement. Meteorological data

obtained from averages of Fiumicino seasonal radio

soundings (see section 3.1) were inserted into the

Lowtran 3B code [Selby et al., 1976] to  calculate

the weighting functions for the infrared bands used

in this experiment. Figure 1 shows the weights
relative to a 10% wide band centered about wave-

length X.
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and as a function of height.

To estimate the resolution of the inversion proce-

dure, the radiance produced at ground 'level by a

8 function temperature distribution has been

computed for different elevation angles and various

heights of the temperature impulse. Such a synthetic

data set was then inverted by the Kalman algorithm,

thus obtaining the shape of the scanning functions

(or averaging kernels) at the different atmospheric

levels. Figure 2 reports the scanning functions at

ten different levels as produced by the Kalman in-
version of 18 synthetic radiances. For comparison,

the Backus-Gilbert averaging kernels for the same

set of weights is also reported in the figure. Note

that a small (0.1%) measurement error had to be

assumed in  order to  prevent instability o f  the
numerical solutions.

5. A N  EXAM PLE

Atmospheric radiance was measured by an in-

frared ground-based radiometer located on  the

electrical engineering building near the center o f

Rome, Italy. The elevation angle was scanned from

above the horizon to 36' for about 10 min every
3 h r over a 24-hr period, which started at 12.00

GMT (1300 L T) on July 12, 1977 and ended at

noon (GMT) o f  the following day. Measurements

in the 13 .75-Rm band were inverted by the Kalman

routine to infer the vertical temperature profile o f

the assumed horizontally layered lower tropo-

sphere. As already stated in section 3.1, the average

of temperature profiles measured in summer at 12.00

GMT at Fiumicino Airport and suitably corrected
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for the effect o f  the city was assumed to be the

starting profile. On the basis of spatial homogeneity,

ergodicity, and stationarity, the  measured t ime
covariance o f  radiance fluctuations was used to

build the measurement error covariance matrix.

Figure 3 reports the nine consecutive temperature

profiles as obtained b y  the Kalman procedure,
together wit h  those measured b y  radiosondes

launched from Fiumicino Airport around 12.00 and

00.00 GMT. Although the lack o f  adequate atmo-

spheric truth prevents definitive conclusions t o
be drawn from these results, however, the obtained

profiles seem to  be fa irly representative o f  the

thermal structure o f  the lower troposphere over

23 2 5  T ( 0 C )  1 9  2 1  2 3  2 5  T (0 C )

21 2 3  2 5  2 7  T ( 0 C )  2 5  2 7  2 9  3 1  -1 (0 C ) 2 2  2 4  2 6  2 8  T (0 C )

Fig. 3. Ver tical  temperature profiles as retrieved from radiometric data inverted by Kalman filter ing (solid

line) and temperature measured by radiosonde (dashed line). Time of measurements is local time.

a large city, where the urban heat island can prevent

thermal inversions from reaching the ground level.

6. CONCLUSIONS

The ill-posed nature of the mathematical problem,

joined to  the ill-conditioned character o f  the in-
volved kernels, makes the measurement o f  atmo-

spheric temperature profiles by ground-based ra-
diometry a rather difficult task. Suitable exploitation
of a ll information available both on the state o f

the system and on the measurement errors is essen-

tial to the significance of the results. The Kalman

filtering technique profits by the a priori knowledge



about the evolution of the atmospheric thermal state
and by the actual accuracy o f  the radiometric
measurements to build a  balanced estimation al-
gorithm. By use of this method, some progress has
been made in the retrieval of atmospheric tempera-
ture profiles f rom satellite and ground-based ra-
diometric data.
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